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QUANTUM VARIANCE AND ERGODICITY FOR THE BAKER'S MAP
M. DEGLI ESPOSTI, S. NONNENMACHER AND B. WINN
Abstrat. We prove an Egorov theorem, or quantum-lassial orrespondene, for the
quantised baker's map, valid up to the Ehrenfest time. This yields a logarithmi upper
bound for the deay of the quantum variane, and, as a orollary, a quantum ergodi
theorem for this map.
1. Introdution
The orrespondene priniple of quantum mehanis suggests that in the lassial limit
the behaviour of quantum systems reprodues that of the system's lassial dynamis. It
is beoming lear that to understand this proess fully represents a hallenge not only to
methods of semilassial analysis, but also the modern theory of dynamial systems.
For a broad lass of smooth Hamiltonian systems it has been proved that if the system
is ergodi, then, in the lassial limit, almost all eigenfuntions of the orresponding quan-
tum mehanial Hamiltonian operator beome equidistributed with respet to the natural
measure (Liouville) over the energy shell. This is the ontent of the so-alled quantum
ergodiity theorem [Shn, Zel1, CdV, HMR℄.
This mathematial result, even if it an be onsidered quite mild from the physial point
of view, still onstitutes one of the few rigorous results onerning the properties of quan-
tum eigenfuntions in the lassial limit, and it still leaves open the possible existene of
exeptional subsequenes of eigenstates whih might onverge to other invariant measures.
In the last few years a ertain number of works have explored this mathematially and
physially interesting issue. While exeptional subsequenes an be present for some hy-
perboli systems with extremely high quantum degeneraies [FDBN℄, it is believed that
they do not exist for a typial haoti system (by haoti, we generally mean that the
system is ergodi and mixing). The uniqueness of the lassial limit for the quantum di-
agonal matrix elements is alled quantum unique ergodiity (QUE) [RudSar, Sar1℄. There
have been interesting reent results in this diretion for Heke eigenstates of the Laplaian
on ompat arithmeti surfaes [Lin℄, using methods whih ombine rigidity properties of
semi-lassial measures with purely dynamial systems theory.
The model studied in the present paper is not a Hamiltonian ow, but rather a disrete-
time sympleti map on the 2-dimensional torus phase spae. In the ase of quantised
hyperboli automorphisms of the 2-torus (quantum at maps), QUE has been proven
along a subsequene of Plank's onstants [DEGI, KR2℄, and for a ertain lass of eigen-
states (also alled Heke eigenstates) [KR1℄ without restriting Plank's onstant. QUE
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has also been proved in the ase of some uniquely ergodi maps [MR, Ros℄. Quantum
(possibly non-unique) ergodiity has been shown for some ergodi maps whih are smooth
by parts, with disontinuities on a set of zero Lebesgue measure [DBDE, MO'K, DE
+
℄.
Disontinuities generally produe diration eets at the quantum level, whih need to
be taken are of (this problem also appears in the ase of Eulidean billiards with non-
smooth boundaries [GL, ZZ℄). Most proofs of quantum ergodiity onsist of showing that
the quantum variane dened below (equation (1.1)) vanishes in the lassial limit.
To state our results we now turn to the spei dynamis onsidered in the present
artile. We take as lassial dynamial system the baker's map on T
2
, the 2-dimensional
torus [AA℄. For any even positive integer N ∈ 2N (N is the inverse of Plank's onstant
h), this map an be quantised into a unitary operator (propagator) BˆN ating on an N-
dimensional Hilbert spae. The quantum variane measures the average equidistribution
of the eigenfuntions {ϕN,j}N−1j=0 of BˆN :
(1.1) S2(a,N) :=
1
N
N−1∑
j=0
∣∣∣〈ϕN,j,OpWN (a)ϕN,j〉 −
∫
T2
a(q, p) dqdp
∣∣∣2 .
Here a is some smooth funtion (observable) on T2 and OpWN (·) is the Weyl quantisa-
tion mapping a lassial observable to a orresponding quantum operator. The quantised
baker's map (or some variant of it) is a well-studied example in the physis literature on
quantum haology [BV, Sa, SaVo, O'CTH, Lak, Kap, ALP℄, whih motivated our desire
to provide rigorous proofs for both the quantum-lassial orrespondene and quantum
ergodiity.
In this paper we prove a logarithmi upper bound on the deay of the quantum variane
(see theorem 1.1 below), whih implies quantum ergodiity as a byprodut (orollary 1.2).
A similar upper bound was rst obtained by Zeldith [Zel2℄ in the ase of the geodesi
ow of a ompat negatively urved Riemannian manifold, and was generalized by Robert
[Rob℄ to more general ergodi Hamiltonian systems. Both are using some ontrol on the
the rate of lassial ergodiity (Zeldith also proved similar upper bounds for higher mo-
ments of the matrix elements). The main semilassial ingredient needed for all proofs of
quantum ergodiity is some ontrol on the orrespondene between quantum and lassial
evolutions of observables, namely some Egorov estimate. As for billiard ows [Fa℄, suh
a orrespondene an only hold for observables supported away from the set of dison-
tinuities. We establish this orrespondene for the quantum baker's map in setion 5.2,
generalizing previous results [DBDE℄ for a sublass of observables (a Egorov theorem was
already proven in [RubSal℄ for a dierent quantisation of the baker's map). Some related
results an be found in [BGP, BR℄ for the ase of smooth Hamiltonian systems. To obtain
this Egorov estimate, we study the propagation of oherent states (Gaussian wavepakets):
they provide a onvenient way to avoid the set of disontinuities. The orrespondene
will hold up to times of the order of the Ehrenfest time
(1.2) TE(N) :=
logN
log 2
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(here log 2 is the positive Lyapunov exponent of the lassial baker's map).
Equipped with this estimate, one ould apply the general results of [MO'K℄ to prove
that the quantum variane semilassially vanishes. We prefer to generalise the method of
[Shu2℄ (applied to smooth maps or ows) to our disontinuous baker's map. This method,
inspired by some earlier heuristi alulations [FP, Wil, EFK
+
℄, yields a logarithmi upper
bound for the variane. It relies on the deay of lassial orrelations (mixing property),
whih is related, yet not equivalent, with the ontrol on the rate of ergodiity used in
[Zel2, Rob℄.
Our main result is the following theorem.
Theorem 1.1. For any observable a ∈ C∞(T2), there is a onstant C(a) depending only
on a, suh that the quantum variane over the eigenstates of BˆN satises:
∀N ∈ 2N, S2(a,N) ≤ C(a)
logN
.
We believe that this method an be extended to any pieewise linear map satisfying a
fast mixing. We also an speulate that the method would work for non-linear pieewise-
smooth maps, although in that ase the propagation of oherent states should be analysed
in more detail (see remark 4.6).
The upper bound in theorem 1.1 seems far from being sharp. The heuristi alulations
in [FP, Wil, EFK
+
℄ suggest that the quantum variane deays like V (a)N−1 where the
prefator V (a) is the lassial variane of the observable a, appearing in the entral limit
theorem. This has been onjetured to be the true deay rate for a generi Anosov system.
The deay of quantum variane has been studied numerially in [EFK
+
℄ for the baker's map
and [BSS℄ for Eulidean billiards; in both ases, the results seems to be ompatible with
a deay ≍ N−1; however, a disrepany of around 10% was noted between the observed
and onjetured prefators. This was attributed to the low values of N (or energy in the
ase of billiards) onsidered. A more reent numerial study of a haoti billiard, at higher
energies, still reveals some (smaller) deviations from the onjetured law [Bar℄, leaving
open the possibility of a deay ≍ N−γ with γ 6= 1.
A deay of the form V˜ (a)N−1 (with an expliit fator V˜ (a)) ould be rigorously proven
for two partiular Anosov systems, using their rih arithmeti struture [KR1, LS, RuSo℄.
In both ases, the prefator V˜ (a) generally diers from the lassial variane V (a), whih
is attributed to the arithmeti properties of the systems, whih potentially makes them
non-generi. Algebrai deays have also been proven for some uniquely ergodi (non-
hyperboli) maps [MR, Ros℄, by pushing the Egorov property to times of order O(N).
The rigorous investigation of the quantum variane thus remains an important open
problem in quantum haology [Sar2℄.
Quantum ergodiity follows from theorem 1.1 as a orollary:
Corollary 1.2. For eah N ∈ 2N there exists a subset JN ⊂ {1, . . . , N}, with #JNN
N→∞−−−→ 1,
suh that for any a ∈ C∞(T2) and any sequene (jN ∈ JN)N∈2N,
(1.3) lim
N→∞
〈ϕN,jN ,OpWN (a)ϕN,jN 〉 =
∫
T2
a(x)dx .
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This generalises a result of [DBDE℄ to any observable a ∈ C∞(T2) (previously only
observables of the form a = a(q) ould be handled). The restrition to a subset JN is the
almost all lariation in quantum ergodiity.
The paper is organised as follows. In setion 2 we briey desribe the lassial baker's
map on T
2
. In setion 3, we reall how this map an be quantised [BV℄ into an N × N
unitary matrix. We then desribe the ation of the quantised baker map on oherent
states (proposition 4.4). This is the rst step towards the Egorov estimates proven in
setion 5 (theorems 5.12 and 5.15, whih shows the orrespondene up to the Ehrenfest
time). The rst part of that setion (subsetion 5.1) ompares the Weyl and anti-Wik
quantisations, for observables whih beome more singular when N grows. This tehnial
step is neessary to obtain Egorov estimates for times ≍ logN . In the nal setion, we
implement the method of [Shu2℄ to the quantum baker's map, using our Egorov estimates
up to logarithmi times, and prove theorem 1.1.
Aknowledgments: We are grateful to R. Shubert for ommuniating to us his results
[Shu2℄ prior to publiation, and for interesting omments. We also thank S. De Bièvre,
M. Saraeno, N. Anantharaman, A. Martinez and S. Gra for interesting disussions and
omments.
This work has been partially supported by the European Commission under the Researh
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al Aspets of Quantum Chaos) HPRN-CT-2000-00103 of
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2. The lassial baker's map
The baker's map
1
is the prototype model for disontinuous hyperboli systems, and it
has been extensively studied in the literature. Standard results may be found in [AA℄,
while the exponential mixing property was analyzed by [Has℄, and also derives from the
results of [Ch℄. Here, for the sake of xing notations, we restrit ourself to realling the
very basi denitions and properties, referring the reader to the above referenes for more
details onerning the ergodi properties of the map.
We identify the torus T2 with the square [0, 1)× [0, 1). The rst (horizontal) oordinate
q represents the position, while the seond (vertial) represents the momentum. In our
notations, x = (q, p) will always represent a phase spae point, either on R2 or on its
quotient T
2
.
The baker's map is dened as the following pieewise linear bijetive transformation on
T2:
(2.1) B(q, p) = (q′, p′) =
{
(2q, p/2), if q ∈ [0, 1/2),
(2q − 1, (p+ 1)/2), if q ∈ [1/2, 1).
The transformation is disontinuous on the following subset of T2:
(2.2) S1 := {p = 0} ∪ {q = 0} ∪ {q = 1/2},
1
The name refers to the utting and strething mehanism in the dynamis of the map whih is remi-
nisent of the proedure for making bread. Hene we write the word baker with a lower ase b.
QUANTUM VARIANCE AND ERGODICITY FOR THE BAKER'S MAP 5
and smooth everywhere else. If we onsider iterates of the map, the disontinuity set
beomes larger: for any n ∈ N, the map Bn is pieewise linear, and disontinuous on the
set
Sn := {p = 0} ∪
2n−1⋃
j=0
{
q =
j
2n
}
,
while its inverse B−n is disontinuous on the set S−n obtained from Sn by exhanging
the q and p oordinates. Clearly, the disontinuity set beomes dense in T2 as |n| → ∞.
The map is area preserving and uniformly hyperboli outside the disontinuity set, with
onstant Lyapunov exponents ± log 2 and positive topologial entropy (see below). The
stable (resp. unstable) manifold is made of vertial (resp. horizontal) segments.
A nie feature of this map lies in a simple symboli oding for its orbits. Eah real
number q ∈ [0, 1) an be assoiated with a binary expansion
q = · ǫ0ǫ1ǫ2 . . . (ǫi ∈ {0, 1}).
This representation is one-to-one if we forbid expansions of the form ·ǫ0ǫ1 . . . 111 . . . Using
the same representation for the p-oordinate:
p = · ǫ−1ǫ−2 . . . ,
a point x = (q, p) ∈ T2 an be represented by the doubly-innite sequene
x = . . . ǫ−2ǫ−1 · ǫ0ǫ1 . . .
Then, one an easily hek that the baker's map ats on this representation as a symboli
shift:
(2.3) B(. . . ǫ−2ǫ−1 · ǫ0ǫ1 . . .) = . . . ǫ−2ǫ−1ǫ0 · ǫ1 . . .
From this symboli representation, one gets the Kolmogorov-Sinai entropy of the map,
hKS = log 2, as well as exponential mixing properties [Ch, Has℄: there exists Γ > 0 and
C > 0 suh that, for any smooth observables a, b on T2, the orrelation funtion
(2.4) Kab(n) :=
∫
T2
a(x) b(B−nx) dx−
∫
T2
a(x) dx
∫
T2
b(x) dx
is bounded as
(2.5) |Kab(n)| ≤ C ‖a‖C1 ‖b‖C1 e−Γ |n| .
Aording to [Has℄, one an take for Γ any number smaller than log 2.
3. Quantised baker's map
The quantisation of the 2-torus phase spae is now well-known and we refer the reader to
[DEG℄, here desribing only the important fats. The quantisation of an area-preserving
map on the torus is less straightforward, and in general it ontains some arbitrariness.
The quantisation of linear sympletomorphisms of the 2-torus (or generalised Arnold at
maps) was rst onsidered in [HB℄, and the ase of nonlinear perturbations of at maps
was treated in [BdMOdA℄ (quantum ergodiity was proven for these maps in [BDB℄). The
sheme we present below, spei for the baker's map, was introdued in [BV℄.
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We start by dening the quantum Hilbert spae assoiated to the torus phase spae. For
any ~ ∈ (0, 1], we onsider the quantum translations (elements of the Heisenberg group)
Tˆv = e
i(v2 qˆ−v1pˆ)/~
, v ∈ R2, ating on L2(R) and by extension on S ′(R). We then dene the
spae of distributions
H~ = {ψ ∈ S ′(R), Tˆ(1,0)ψ = Tˆ(0,1)ψ = ψ} .
These are distributions ψ(q) whih are Z-periodi, and suh that their ~-Fourier transform
(3.1) (Fˆ~ψ)(p) :=
∫ ∞
−∞
ψ(q) e−iqp/~
dq√
2π~
is also Z-periodi.
One easily shows that this spae is nontrivial i (2π~)−1 = N ∈ N, whih we will always
assume from now on. This spae an be obtained as the image of L2(R) through the
projetor
(3.2) PˆT2 =
∑
m∈Z2
(−1)Nm1m2 Tˆm =
( ∑
m2∈Z
Tˆ0,m2
) ( ∑
m1∈Z
Tˆm1,0
)
.
H~ = HN then forms an N-dimensional vetor spae of distributions, admitting a position
representation
(3.3) ψ(q) =
1√
N
N−1∑
j=0
∑
ν∈Z
ψj δ
(
q − j
N
+ ν
)
=:
N−1∑
j=0
ψj qj(q),
where eah oeient ψj ∈ C. Here we have denoted by {qj}N−1j=0 the anonial (position)
basis for HN .
This spae an be naturally equipped with the Hermitian inner produt:
(3.4) 〈qj ,qk〉 = δjk =⇒ 〈ψ, ω〉 :=
N−1∑
j=0
ψj ωj .
Sine HN is the image of S(R) through the projetor (3.2), any state ψ ∈ HN an be
onstruted by projeting some Shwartz funtion Ψ (q). The deomposition on the RHS
of (3.2) suggests that we may rst periodiise in the q-diretion, obtaining a periodi
funtion ΨC(q); suh a wavefuntion desribes a state living in the ylinder phase spae
C = T × R. The torus state ψ(q) is nally obtained by periodiising ΨC in the Fourier
variable; equivalently, the N omponents of ψ in the basis {qj} are obtained by sampling
this funtion at the points qj =
j
N
:
(3.5) ψj =
1√
N
ΨC
( j
N
)
, 0 ≤ j < N.
The ~-Fourier transform Fˆ~ (seen as a linear operator on S ′(R)) leaves the spae HN
invariant. On the basis {qj}, it ats as an N × N unitary matrix FˆN alled the disrete
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Fourier transform:
(3.6) (FˆN )kj =
1√
N
e−2iπkj/N , k, j = 0, . . . , N − 1 .
Fˆ~ quantises the rotation by −π/2 around the origin, F (q0, p0) = (p0,−q0). As a result,
FˆN maps the position basis {qj} onto the momentum basis {pj}:
pj =
N−1∑
k=0
(Fˆ−1N )kj qk .
The quantised baker's map BˆN was introdued by Balazs and Voros [BV℄. They require
N to be an even integer, and presribe the following matrix in the basis {qj}:
(3.7) BˆN := (FˆN)
−1BˆN,mix , with BˆN,mix :=
(
FˆN/2 0
0 FˆN/2
)
.
This denition was slightly modied by Saraeno [Sa℄, in order to restore the parity
symmetry of the lassial map. Although we will onentrate on the map (3.7), all our
results also apply to this modied setting.
3.1. Notations.
Sine we will be dealing with quantities depending on Plank's onstant N (plus possibly
other parameters), all asymptoti notations will refer to the lassial limit N →∞.
The notations A = O(B) and A ≪ B both mean that there exists a onstant c suh
that for any N ≥ 1, |A(N)| ≤ c|B(N)|. Writing A = Or(B) and A ≪r B means that
the onstant c depends on the parameter r. Similarly A = o(B) and A << B both mean
that limN→∞
A(N)
B(N)
= 0. By A ≍ B we mean that A≪ B and B ≪ A simultaneously. We
indiate by A ∼ B the more preise asymptotis limN→∞ A(N)B(N) = 1.
We use the onvention for number sets that N := {1, 2, 3, . . .} and N0 := N ∪ {0}. Also
R+ := [0,∞), as usual.
We will use various norms. We denote by ‖·‖HN the norm on HN dened as ‖ψ‖2HN =〈ψ, ψ〉. Unless stated otherwise, ‖·‖ will refer to the norm on bounded operators on HN ,
also denoted by ‖·‖B(HN ). The Hilbert-Shmidt salar produt of two operators A, B on
HN will be denoted by
(3.8)
〈
A,B
〉
:=
1
N
Tr(A†B) .
Other norms desribe lassial observables (smooth funtions f on T2). The sup-norm
will be denoted by ‖f‖C0, and for any j > 0, the Cj-norm is dened as
‖f‖Cj :=
∑
0≤|γ|≤j
‖∂γf‖C0 .
Here γ = (γ1, γ2) ∈ N20 denotes the multiindex of dierentiation: ∂γ = ∂γ1q ∂γ2p , and
|γ| := γ1 + γ2.
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Beause we want to onsider large time evolution, namely times n ≍ logN , we need
to onsider (smooth) funtions whih depend on Plank's onstant 1/N . Indeed, starting
from a given smooth funtion a, its evolution a ◦ B−n utuates more and more strongly
along the vertial diretion, while it is smoother and smoother along the horizontal one as
n→∞ (assuming a is supported away from the disontinuity set Sn). For this reason, we
introdue the following spaes of funtions [DS, hapter 7℄:
Denition 3.1. For any α = (α1, α2) ∈ R2+, we all Sα(T2) the spae of N-dependent
smooth funtions f = f(·, N) suh that, for any multiindex γ ∈ N20, the quantity
Cα,γ(f) := sup
N∈N
‖∂γf(·, N)‖C0
Nα·γ
is nite (here α ·γ = α1γ1+α2γ2). The seminorms Cα,γ (γ ∈ N20) endow Sα(T2) with the
struture of a Fréhet spae.
4. Coherent states on T2
Our proof of the quantum-lassial orrespondene will use oherent states on T2. Below
we dene them, and ollet some useful properties. More omprehensive details and proofs
may be found in [Fo, Per, LV, BDB, BonDB℄.
We dene a (plane) oherent state at the origin with squeezing σ > 0 through its
wavefuntion Ψ0,σ ∈ S(R) (we will always omit indiate the ~-dependene):
(4.1) Ψ0,σ(q) :=
( σ
π~
)1/4
e−
σq2
2~ .
The (plane) oherent state at the point x = (q0, p0) ∈ R2 is obtained by applying a
quantum translation Tˆx to the state above, whih yields:
Ψx,σ(q) :=
( σ
π~
)1/4
e−i
p0q0
2~ ei
p0q
~ e
−σ(q−q0)
2
2~
= (2Nσ)1/4e−πiNq0p0+2πiNp0q−σNπ(q−q0)
2
.
(In the seond line, we took ~ = (2πN)−1, as is required if we want to projet on the torus).
From here we obtain a oherent state on the ylinder by periodiising along the q-axis:
(4.2) Ψx,σ,C(q) :=
∑
ν∈Z
Ψx,σ(q + ν) .
Finally, the oherent state on the torus is obtained by further periodiising in the Fourier
variable, or equivalently by sampling this ylinder wavefuntion: its oeients in the
anonial basis read
(4.3)
(
ψx,σ,T2
)
j
=
1√
N
Ψx,σ,C(j/N), j = 0, . . . , N − 1.
One an hek that ψx+m,σ,T2 ∝ ψx,σ,T2 for any m ∈ Z2: up to a phase, the state ψx,σ,T2
depends on the projetion on T2 of the point x.
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In the lassial limit, it will often be useful to approximate a torus (or ylinder) oherent
state by the orresponding planar one:
Lemma 4.1. Let q0 ∈ (δ, 1 − δ) for some 0 < δ < 1/2. Then in the lassial limit:
(4.4) ∀q ∈ [0, 1), Ψx,σ,C(q) = Ψx,σ(q) +O
(
(σN)1/4e−πNσδ
2)
.
The error estimate is uniform for σN ≥ 1.
Proof. Extrating the ν = 0 term in (4.2), one gets
∀q ∈ [0, 1), Ψx,σ,C(q) = Ψx,σ(q) +O
(
(σN)1/4 e−πσN min{|q−q0+ν|
2:ν 6=0}
)
.
Now, if q0 ∈ (δ, 1− δ), one has |q − q0| ≤ 1− δ, so that
∀ν 6= 0, |q − q0 − ν| ≥ |ν| − |q − q0| ≥ 1− |q − q0| ≥ δ .

The next lemma desribes how a torus oherent state transforms under the appliation
of the disrete Fourier transform.
Lemma 4.2. For any x = (q0, p0) ∈ R2, let F x := (p0,−q0) denote its rotation by −π/2
around the origin. Then
(4.5) ∀N ≥ 1, ∀σ > 0, FˆN ψx,σ,T2 = ψFx,1/σ,T2 .
Proof. The plane oherent states, whih are Gaussian wavefuntions, are obviously o-
variant through the Fourier transform Fˆ~: a straightforward omputation shows that
∀x ∈ R2, Fˆ~ψx,σ = ψFx,1/σ .
When (2π~) = N−1, we apply the projetor (3.2) to both sides of this inequality, and
remember that Fˆ~ ats on HN as the matrix FˆN : this means PˆT2 Fˆ~ = FˆN PˆT2 , so the above
ovariane is arried over to the torus oherent states. 
4.1. Ation of BˆN on oherent states.
We assume N to be an even integer, and apply the matrix BˆN to the oherent state
ψx,σ,T2 , seen as an N-omponent vetor in the basis {qj}. We get nie results if the point
x = (q0, p0) is far enough from the singularity set S1 (in this ase Bx is well-dened).
More preisely, we dene the following subsets of T2:
Denition 4.3. For any 0 < δ < 1/4 and 0 < γ < 1/2, let
(4.6) D1,δ,γ :=
{
(q, p) ∈ T2, q ∈ (δ, 1/2− δ) ∪ (1/2 + δ, 1− δ), p ∈ (γ, 1− γ)} .
The evolution of oherent states will be simple for states loalised in this set.
Proposition 4.4. For some parameters δ, γ (whih may depend on N), we onsider points
x = (q0, p0) ∈ T2 in the set D1,δ,γ. We assoiate to these points the phase
(4.7) Θ(x) =


0, if q0 ∈ (δ, 1/2− δ),
q0 +
p0 + 1
2
, if q0 ∈ (1/2 + δ, 1− δ).
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We assume that the squeezing σ may also depend on N , remaining in the interval σ ∈
[1/N,N ]. From δ, γ, σ we form the parameter
(4.8) θ = θ(δ, γ, σ) := min(σδ2, γ2/σ) .
Then, in the semilassial limit, the oherent state ψx,σ,T2 evolves almost ovariantly through
the quantum baker's map:
(4.9) ‖BˆN ψx,σ,T2 − eiπΘ(x) ψBx,σ/4,T2‖HN = O(N3/4σ1/4 e−πNθ) .
The implied onstant is uniform with respet to δ, γ, σ ∈ [1/N,N ], and the point x ∈ D1,δ,γ.
We notie that the exponential in the above remainder will be small only if θ >> 1/N ,
whih requires both σ >> 1/N and σ << N . In further appliations we will always
onsider squeezings satisfying these properties in the limit N →∞.
Remark 4.5. If we extend to the full plane eah of the maps given by the two lines of
equation (2.1), we get two linear sympleti transformation S0, S1, whih an be quantised
on L2(R) by the metapleti transformations
Sˆ0,~ = Dˆ2, Sˆ1,~ = Tˆ(−1,0) ◦ Dˆ2 ◦ Tˆ(0,1)
(here [Dˆ2 ψ](q) = 2
−1/2 ψ(q/2) is the unitary dilation by a fator 2). Suh metapleti
transformations at ovariantly on plane oherent states:
∀σ > 0, ∀x = (q0, p0) ∈ R2,
{
Sˆ0,~Ψx,σ = ΨS0x,σ/4 ,
Sˆ1,~Ψx,σ = e
i
2~
(q0+
p0+1
2
) ΨS1x,σ/4 .
The approximate ovariane stated in proposition 4.4 is therefore a miroloal version of
this exat global ovariane.
Remark 4.6. The fat that the error is exponentially small is due to the pieewise-linear
harater of the map B. Indeed, for a nonlinear area-preserving map M on T2, oher-
ent states are also transformed ovariantly through MˆN , but the error term is in gen-
eral of order O(N ∆x3), where ∆x is the maximal width of the oherent state (here
∆x = max(σ, σ−1)N−1/2) [Shu1℄. Moreover, in general the squeezing σ takes values in
the omplex half-plane {Re(σ) > 0}: the reason why we an here restrit ourselves to the
positive real line is due to the orientation of the baker's dynamis.
Proof of proposition 4.4.
Sine we already know that FˆN ats ovariantly on oherent states, we only need to
analyse the ation of BˆN,mix (Eq. (3.7)).
We rst onsider a oherent state in the left strip (δ, 1/2− δ)× (γ, 1− γ) of D1,δ,γ. In
this ase, the relevant oeients of BˆN,mix ψx,σ,T2 are in the interval 0 ≤ m < N2 :
(4.10)
(
BˆN,mix ψx,σ,T2
)
m
=
1√
N
N/2−1∑
j=0
(FˆN/2)mj Ψx,σ,C
(
j
N
)
.
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From the formula (3.6), we have for all 0 ≤ j,m < N/2:
(FˆN/2)mj =
√
2 (FˆN )2mj .
Sine q0 ∈ (δ, 1/2− δ), for any N/2 ≤ j one has j/N − q0 ≥ δ; using lemma 4.1, we obtain
(4.11) ∀j ∈ {N/2, . . . , N − 1}, Ψx,σ,C
(
j
N
)
= O((σN)1/4 e−πNσδ2) .
We an therefore extend the range of summation in (4.10) to j ∈ {0, . . . , N − 1}, inurring
only an exponentially small error:(
BˆN,mix ψx,σ,T2
)
m
=
√
2
N−1∑
j=0
(FˆN)2mj
(
ψx,σ,T2
)
j
+O((σN)1/4e−πNσδ2)
=
√
2
(
ψFx,1/σ,T2
)
2m
+O((σN)1/4e−πNσδ2) .(4.12)
In the last step, we have used the ovariane property of lemma 4.2.
Sine p0 ∈ (γ, 1− γ) and N/σ ≥ 1, it follows from lemma 4.1 and simple manipulations
of plane oherent states that
∀q ∈ [0, 1/2),
√
2 ΨFx,1/σ,C(2q) =
√
2 ΨFx,1/σ(2q) +O
(
(N/σ)1/4e−πNγ
2/σ
)
= Ψ(p0/2,−2q0),4/σ(q) +O
(
(N/σ)1/4e−πNγ
2/σ
)
= Ψ(p0/2,−2q0),4/σ,C(q) +O
(
(N/σ)1/4 e−πNγ
2/σ
)
.
The identity (p0/2,−2q0) = FBx (valid for x in the left strip) inserted in (4.12) yields:
(4.13) ∀m ∈ {0, . . . , N/2− 1},
(
BˆN,mix ψx,σ,T2
)
m
=
(
ψFBx,4/σ,T2
)
m
+O((σN)1/4e−πNθ)
(θ is dened in (4.8), and we used the assumption σN > 1 to simplify the remainder).
The remaining oeients N/2 ≤ m < N are bounded using (4.11):
(4.14)
(
BˆN,mix ψx,σ,T2
)
m
=
1√
N
N−1∑
j=N/2
(FˆN/2)mj Ψx,σ,C
(
j
N
)
= O((σN)1/4e−πσNδ2) .
On the other hand, lemma 4.1 shows that the oeients
(
ψFBx,4/σ,T2
)
m
for N/2 ≤ m < N
are bounded from above by the same RHS. Hene, equation (4.13) holds for all m =
0, . . . , N − 1. A norm estimate is obtained by multiplying this omponent-wise estimate
by a fator
√
N .
We now apply the inverse Fourier transform and lemma 4.2, to obtain the part of the
theorem dealing with oherent states in the left strip of D1,δ,γ.
A similar omputation treats the ase of oherent states in the right strip of D1,δ,γ. The
large omponents of ψx,σ,T2 are in the interval j ≥ N/2, so the seond blok of BˆN,mix is
relevant. The analogue to (4.13) reads, for m ∈ {N/2, . . . , N − 1}:
(4.15)
(
BˆN,mix ψx,σ,T2
)
m
=
√
2
N
ΨFx,1/σ
(
2m
N
− 1
)
+O((σN)1/4e−πNθ) .
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Proeeding as before, we identify
∀q ∈ [1/2, 1),
√
2 ΨFx,1/σ(2q − 1) = eπiN(q0+
p0+1
2
) Ψ((p0+1)/2,−(2q0−1)),4/σ(q)
= eπiN(q0+
p0+1
2
) ΨFBx,4/σ,C(q) +O((N/σ)1/4 e−πNγ2/σ) .(4.16)
Applying the inverse Fourier transform we obtain the seond part of the theorem. 
5. Egorov property
Our objetive in this setion is to ontrol the evolution of quantum observables through
BˆN , in terms of the orresponding lassial evolution. Namely, we want to prove an Egorov
theorem of the type
(5.1) ‖BˆnN OpN(a) Bˆ−nN −OpN(a ◦B−n)‖ N→∞−−−→ 0.
Here OpN (a) is some quantisation of an observable a ∈ C∞(T2). As explained in the
introdution, to avoid the diration problems due to the disontinuities of B, we will
require the funtion a to be supported away from the set Sn of disontinuities of Bn.
Otherwise, a◦B−n may be disontinuous, and already its quantisation poses some problems.
An Egorov theorem has been proven in [RubSal℄ for a dierent quantisation of the baker's
map, also using oherent states. In [DBDE, orollary 17℄ an Egorov theorem was obtained
for BˆN , but valid only for observables of the form a(q) (or a(p), depending on the diretion
of time) and restriting the observables to a good subspae of HN of dimension N−o(N).
Sine we ontrol the evolution of oherent states through BˆN (proposition 4.4), it is
natural to use a quantisation dened in terms of oherent states, namely the anti-Wik
quantisation [Per℄ (see denition 5.2 below). However, beause the quasi-ovariane (4.9)
onnets a squeezing σ to a squeezing σ/4, it will be neessary to relate the orresponding
quantisationsOpAW,σN andOp
AW,σ/4
N to one another. This will be done in the next subsetion,
by using the Weyl quantisation as a referene.
Besides, we want to ontrol the orrespondene (5.1) uniformly with respet to the time
n. We already notied that for n >> 1, an observable a supported away from Sn needs to
utuate quite strongly along the q-diretion, while its dependene in the p variable may
remain mild. Likewise, a ◦ B−n, supported away from S−n, will strongly utuate along
the p-diretion.
All results in this setion will be stated for two lasses of observables:
• general funtions f ∈ C∞(T2), without any indiation on how f depends on N .
This yields a Egorov theorem valid for time |n| ≤ (1
6
− ǫ) TE (with ǫ > 0 xed),
whih will sue to prove theorem 1.1 (TE = TE(N) is the Ehrenfest time (1.2)).
• funtions f ∈ Sα(T2) for some α ∈ R2+ with |α| < 1 (see the denition 3.1). Here
we use more sophistiated methods in order to push the Egorov theorem up to the
times |n| ≤ (1− ǫ)TE.
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5.1. Weyl vs. anti-Wik quantizations on T2.
In this subsetion, we dene and ompare the Weyl and anti-Wik quantisations on
the torus. The main result is proposition 5.5, whih preisely estimates the disrepanies
between these quantisations, in the lassial limit. We start by realling the denition of
the Weyl quantisation on the torus [BDB, DEG℄.
Denition 5.1. Any funtion f ∈ C∞(T2) an be Fourier expanded as follows:
f =
∑
k∈Z2
f˜(k) ek , where ek(x) := e
2πix∧k = e2πi(qk2−pk1) .
The Weyl quantisation of this funtion is the following operator:
(5.2) OpWN (f) :=
∑
k∈Z2
f˜(k) T (k) , where T (k) := Tˆhk .
We use the same notations for translation operators T (k) ating on either HN or L2(R);
in the latter ase, the Weyl-quantised operator will be denoted by OpW,R
2
N (f).
The operators {T (k) ;k ∈ Z2} ating on L2(R) form an independent set of of unitary
operators. On the other hand, on HN these operators satisfy T (k+Nm) = (−1)k∧mT (k).
Hene, dening ZN := {−N/2, . . . , N/2− 1}, the set {T (k), k ∈ Z2N} forms a basis of the
spae of operators on HN . This basis is orthonormal with respet to the Hilbert-Shmidt
salar produt (3.8).
TheWeyl quantisations on L2(R) andHN satisfy the following inequality [BDB, lemma 3.9℄:
(5.3) ∀f ∈ C∞(T2), ∀N ∈ N, ‖OpWN (f)‖B(HN ) ≤ ‖OpW,R
2
N (f)‖B(L2(R)) .
This will allow us to use results pertaining to the Weyl quantisation of bounded funtions
on the plane (see the proof of lemma 5.7).
We now dene a family of anti-Wik quantisations.
Denition 5.2. For any squeezing σ > 0, the anti-Wik quantisation of a funtion f ∈
L1(T2) is the operator OpAW,σN (f) on HN dened as:
(5.4) ∀φ, φ′ ∈ HN , 〈φ,OpAW,σN (f)φ′〉 := N
∫
T2
f(x) 〈φ, ψx,σ,T2〉 〈ψx,σ,T2 , φ′〉 dx.
Both Weyl and anti-Wik quantisations map a real observable onto a Hermitian operator.
As opposed to the Weyl quantisation, the anti-Wik quantisation enjoys the important
property of positivity. Namely, if the funtion a is nonnegative, then for any N, σ, the
operator OpAW,σN (a) is positive.
These quantisations will be easy to ompare one we have expressed the anti-Wik
quantisation in terms of the Weyl one [BonDB℄.
Lemma 5.3. Using the quadrati form Qσ(k) := σ k
2
1 + σ
−1 k22, one has the following
expression for the anti-Wik quantisation:
(5.5) ∀f ∈ L1(T2), OpAW,σN (f) =
∑
k∈Z2
f˜(k) e−
π
2N
Qσ(k) T (k) .
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Equivalently, OpAW,σN (f) = Op
W
N (f
♯), where the funtion f ♯ is obtained by onvolution of f
(on R2) with the Gaussian kernel
(5.6) KN,σ(x) := 2N e
−2πNQσ(x) .
Proof. To prove this lemma, it is suient to show that for any k0 ∈ Z2, the anti-Wik
quantisation on HN of the Fourier mode ek0(x) reads:
(5.7) OpAW,σN (ek0) = e
− π
2N
Qσ(k0) T (k0) .
This formula has been proven in [BonDB, Lemma 2.3 (ii)℄, yet we give here its proof for
ompleteness. The idea is to deompose OpAW,σN (ek0) in the basis {T (k), k ∈ Z2N}, using
the Hilbert-Shmidt salar produt (3.8). That is, we need to ompute
(5.8)
〈
T (k),OpAW,σN (ek0)
〉
=
∫
T2
ek0(x) 〈ψx,σ,T2 , T (k)† ψx,σ,T2〉 dx.
The overlaps between torus oherent states derive from the overlaps between plane oherent
states, whih are simple Gaussian integrals:
∀x,y ∈ R2, 〈Ψy,σ, Ψx,σ〉R2 = ei
y∧x
2~ 〈Ψ0,σ, Tˆx−y Ψ0,σ〉R2 = ei
y∧x
2~ e−
Qσ(x−y)
4~ ,
Using the projetor (3.2), we get
〈ψx,σ,T2 , Tˆk/N ψx,σ,T2〉 =
∑
m∈Z2
(−1)Nm1m2 〈Ψx,σ, Tˆk/N TˆmΨx,σ〉R2
=
∑
m∈Z2
(−1)Nm1m2+m∧k e2iπ(x∧(k+Nm)) e−πN2 Qσ(m+k/N) .
We insert this expression in the RHS of (5.8) (and remember that N is even):〈
T (k),OpAW,σN (ek0)
〉
=
∑
m∈Z2
δk0,k+Nm (−1)m∧k e−
πN
2
Qσ(m+k/N) .
This expression vanishes unless k = k1, the unique element of Z
2
N s.t. k1 = k0 +Nm1 for
some m1 ∈ Z2. >From the orthonormality of the basis {T (k) : k ∈ Z2N}, this shows that
OpAW,σN (ek0) = (−1)m1∧k1 e−
πN
2
Qσ(k0) T (k1) = e
−πN
2
Qσ(k0) T (k0). 
A simple property of these quantisations is the semi-lassial behaviour of the traes of
quantized observables:
Lemma 5.4. For any integer M ≥ 3,
(5.9) ∀f ∈ C∞(T2), 1
N
Tr(OpWN (f)) =
∫
T2
f(x) dx+OM
(‖f‖CM
NM
)
.
For the anti-Wik quantisation, we have:
(5.10) ∀f ∈ L1(T2), 1
N
Tr(OpAW,σN (f)) =
∫
T2
f(x) dx+O(‖f‖L1 e−πN2 min(σ,1/σ)) .
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Proof. The rst identity uses the fat that on the spae HN ,
1
N
Tr T (k) =
{
1 if k = Nm for some m ∈ Z2,
0 otherwise.
The error term in (5.9) is bounded above by
∑
m∈Z2\{0} |f˜(Nm)|. Now, the Fourier oef-
ients of a smooth funtion satisfy
(5.11) ∀M ≥ 1, ∀k ∈ Z2, |f˜(k)| ≪M ‖f‖CM
(1 + |k|)M .
Using this upper bound (with M ≥ 3) in the above sum yields (5.9).
In the anti-Wik ase, eah term |f˜(Nm)| ≤ ‖f‖L1 of the sum is multiplied by e−πN2 Qσ(m) ≤
e−
πN
2
min(σ,1/σ)|m|2
, whih yields (5.10). 
We will now ompare the Weyl and anti-Wik quantisations in the operator norm. We
give two estimates, orresponding to the two lasses of funtions desribed in the introdu-
tion of this setion.
Proposition 5.5.
I) For any f ∈ C∞(T2) and σ > 0,
(5.12) ‖OpWN (f)−OpAW,σN (f)‖ ≪ ‖f‖C5
max{σ, σ−1}
N
.
Here σ may depend arbitrarily on N .
II) Let α ∈ R2+, |α| < 1 and assume that σ > 0 may depend on N suh that the quantity
(5.13) ~α(N, σ) := max
(N2α1−1
σ
,Nα1+α2−1, σ N2α2−1
)
goes to zero as N →∞. Then there exists a seminorm Nα on the spae Sα(T2) suh that,
for any f = f(·, N) ∈ Sα(T2), one has:
(5.14) ∀N ≥ 1, ‖OpAW,σN (f(·, N))−OpWN (f(·, N)‖ ≪ Nα(f) ~α(N, σ) .
Remark 5.6. The eetive small parameter ~α(N, σ) will be small as N → ∞ only if
three onditions are simultaneously satised:-
• |α| = α1 + α2 < 1,
• N2α1 << Nσ,
• N2α2 << N/σ.
These onditions mean that the horizontal and vertial widths of the kernel (5.6) must be
small ompared to the typial sale of utuations of f in the respetive diretions. The
onditions Nσ ≥ 1, N/σ ≥ 1 assumed in setion 4 are therefore automatially satised.
Proof of proposition 5.5.
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We start with the rst (simple) part. Our main ingredient is lemma 5.3. By Taylor's
theorem,
(5.15) ∀k ∈ Z2, e− π2NQσ(k) = 1 +O
(
Qσ(k)
N
)
= 1 +O
(
max{σ, σ−1}
N
|k|2
)
,
where the implied onstant is independent of k. Substituting (5.15) into (5.5), the rst
term gives the Weyl quantisation of f . Using the bounds (5.11) with M = 5, we obtain
the rst part of the proposition:
‖OpAW,σN (f)−OpWN (f)‖ ≪
max{σ, σ−1}
N
∑
k∈Z2
|f˜(k)| |k|2
≪ max{σ, σ
−1}
N
∑
k∈Z2
‖f‖C5
(1 + |k|)5 |k|
2
≪ max{σ, σ
−1}
N
‖f‖C5 .
The seond part of the proposition requires more are. We rst need to ontrol the norm
of the Weyl operator.
Lemma 5.7. Take any α, β ∈ R2+ suh that |β| = 1 and β ≥ α (i.e. βi ≥ αi, i = 1, 2).
Then, for any funtion f = f(·, N) ∈ Sα(T2), we have
(5.16) ‖OpWN (f(·, N))‖ ≪
1∑
γ1, γ2=0
Cα,γ(f) N
−γ·(β−α) ,
and the implied onstant is independent of α,β.
Proof. This lemma is a simple onsequene of the Calderón-Vaillanourt theorem, a sharp
form of whih was obtained in [Boul℄. Assume f is a smooth funtion on R2 suh that ∂γf
is uniformly bounded for all γ with γ1, γ2 ∈ {0, 1}. Then, its Weyl quantisation on L2(R)
for ~ = 1 is a bounded operator, and:
(5.17) ‖OpW,R2
~=1 (f)‖ ≤ C
1∑
γ1,γ2=0
‖∂γf‖C0(R2) .
Here ‖·‖ is the norm of bounded operators on L2(R), and C is independent of f .
Now, we use the saling properties of the Weyl quantisation
2
. For any β ∈ [0, 1] and
~ > 0 we dene
f~,β(q, p) := f(~
βq, ~1−βp) .
Then, if U~,β is the dilation operator U~,βψ(q) = ~
β/2ψ(~βq), we have [Ma, page 60℄
(5.18) U~,β Op
W,R2
~
(f)U−1
~,β = Op
W,R2
~=1 (f~,β) .
2
We thank N. Anantharaman for pointing out to us this saling argument.
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Applying (5.17) to f~,β, we obtain
∀~ > 0, ‖OpW,R2
~
(f)‖ ≤ C
1∑
γ1,γ2=0
‖∂γf‖C0(R2) ~βγ1+(1−β)γ2 .
In the ase ~ = (2πN)−1 we apply this bound to a funtion f ∈ Sα(T2), seleting β =
(β, 1− β) suh that β ≥ α: we then obtain the upper bound of (5.16) for OpW,R2N (f). The
inequality (5.3) shows that this bound applies as well to the Weyl operator on HN . 
Equipped with this lemma, we an now prove the seond part of proposition 5.5. >From
the Taylor expansion
|f(x+ y)− f(x)− (y · ∇)f(x)| ≤ 1
2
max
0≤t≤1
{∣∣(y · ∇)2f(z)∣∣ , z = x+ ty}
and lemma 5.3, one easily heks that for any f ∈ C∞(T2),
‖f ♯ − f‖C0 ≤ 1
8πN
(1
σ
‖∂2qf‖C0 + 2‖∂q∂pf‖C0 + σ ‖∂2pf‖C0
)
.
Sine dierentiation ommutes with onvolution, one ontrols all derivatives:
(5.19)
∀γ ∈ N20, ‖∂γ(f ♯−f)‖C0 ≤
1
8πN
( 1
σ
‖∂γ+(2,0)f‖C0 +2‖∂γ+(1,1)f‖C0 +σ ‖∂γ+(0,2)f‖C0
)
.
For f = f(·, N) ∈ Sα(T2), this estimate implies:
‖∂γ(f ♯ − f)‖C0 ≤ Nα·γ
(N2α1−1
σ
Cα,γ+(2,0)(f)
+Nα1+α2−1Cα,γ+(1,1)(f) + σ N
2α2−1Cα,γ+(0,2)(f)
)
≤ Nα·γ ~α(N, σ)
(
Cα,γ+(2,0)(f) + Cα,γ+(1,1)(f) + Cα,γ+(0,2)(f)
)
.(5.20)
Here we used the parameter ~α(N, σ) dened in (5.13). This shows that the funtion
f ♯,rem(·, N) := 1
~α(N,σ)
(
f ♯(·, N) − f(·, N)) is also an element of Sα(T2), with seminorms
dominated by seminorms of f . Applying lemma 5.7 to that funtion and taking any β ≥ α,
|β| = 1, we get
‖OpAW,σN (f(·, N))−OpWN (f(·, N))‖ ≪ ~α(N, σ)
∑
|γ′|≤2
1∑
γ1,γ2=0
Cα,γ+γ′(f) .
The seminorm stated in the theorem an therefore be dened as
(5.21) Nα(f) :=
∑
|γ′|≤2
1∑
γ1,γ2=0
Cα,γ+γ′(f) .

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5.2. Egorov estimates for the baker's map.
We now turn to the proof of the Egorov property (5.1). Let us start with the ase n = 1.
We assume that a is supported in the set D1,δ,γ dened in equation (4.6), away from the
disontinuity set S1 of B.
Proposition 5.8. Let 0 < δ < 1/4 and 0 < γ < 1/2. Assume that the support of
a ∈ C∞(T2) is ontained in D1,δ,γ. Then, in the lassial limit,
‖BˆN OpAW,σN (a) Bˆ−1N −OpAW,σ/4N (a ◦B−1)‖ ≪ ‖a‖C0 N5/4 σ1/4 e−πNθ ,
uniformly w.r.to δ, γ, σ ∈ [1/N,N ]. Here we took as before θ = min(σδ2, γ2/σ).
Proof. For any normalised state φ ∈ HN , we onsider the matrix element
(5.22) 〈φ, BˆNOpAW,σN (a)Bˆ−1N φ〉 = N
∫
T2
a(x) 〈φ, BˆNψx,σ,T2〉 〈BˆNψx,σ,T2 , φ〉 dx .
Using the quasi-ovariane of oherent states loalised in D1,δ,γ (proposition 4.4) and ap-
plying the Cauhy-Shwarz inequality, the RHS reads
(5.23) N
∫
T2
a(x) 〈φ, ψBx,σ/4,T2〉 〈ψBx,σ/4,T2 , φ〉 dx+O(‖a‖C0N5/4σ1/4e−πNθ) .
The remainder is uniform with respet to the state φ. Through the variable substitution
x = B−1(y), this gives
(5.24) 〈φ, BˆNOpAW,σN (a)Bˆ−1N φ〉 = 〈φ,OpAW,σ/4N (a ◦B−1)φ〉+O(‖a‖C0N5/4σ1/4e−πNθ).
Sine the operators on both sides are self-adjoint, this identity implies the norm estimate
of the proposition. 
Remark 5.9. Here we used the property that the linear loal dynamis is the same at eah
point x ∈ T2\S1 (expansion by a fator 2 along the horizontal, ontration by 1/2 along the
vertial). Were this not the ase, the state BˆNψx,σ,T2 would be lose to a oherent state at
the point Bx, but with a squeezing depending on the point x. Integrating over x, we would
get an anti-Wik quantisation of a◦B−1 with x-dependent squeezing, the analysis of whih
would be more ompliated (see [Shu1, Chap. 4℄ for a disussion on suh quantisations).
We now generalise to n > 1. We assume that a is supported away from the set Sn of
disontinuities of Bn. More preisely, for some δ ∈ (0, 2−n−1) and γ ∈ (0, 1/2), we dene
the following open set, generalizing (4.6):
Dn,δ,γ :=
{
(q, p) ∈ T2, ∀k ∈ Z ,
∣∣∣q − k
2n
∣∣∣ > δ, p ∈ (γ, 1− γ)} .
The evolution of the sets Dn,δ,γ through B satises:
(5.25) ∀j ∈ {0, . . . , n− 1}, BjDn,δ,γ ⊂ Dn−j,2jδ,γ/2j .
This is illustrated for n = 2, j = 1 in gure 5.1. If a is supported in Dn,δ,γ, then the
support of a ◦B−j is ontained in Dn−j,2jδ,γ/2j ⊂ D1,2jδ,γ/2j . So for eah 0 ≤ j < n, we an
apply proposition 5.8 to the observable a ◦ B−j, replaing the parameters δ, γ, σ by their
QUANTUM VARIANCE AND ERGODICITY FOR THE BAKER'S MAP 19
B
δ
γ
2δ
γ
2
Figure 5.1. The ation of the map B. On the left we show the set D2,δ,γ
(shaded) and on the right is its image under the ation of B.
orresponding values at time j; we nd that the parameter θ is independent of j. The
triangle inequality then yields:
Corollary 5.10. Let n > 0 and for some δ ∈ (0, 2−n−1), γ ∈ (0, 1/2), let a ∈ C∞(T2) have
support in Dn,δ,γ. Then, as N →∞,
(5.26) ‖BˆnN OpAW,σN (a) Bˆ−nN −OpAW,σ/4
n
N (a ◦B−n)‖ ≪ ‖a‖C0 N5/4 σ1/4e−πNθ .
This estimate is uniform with respet to n, the parameters δ, γ in the above ranges and
and the squeezing σ ∈ [4n
N
, N ].
Remark 5.11. The requirement Nθ >> 1, together with the allowed ranges for δ, γ,
impose the restrition
4n
N
<< σ << N n ≤ TE. This is possible only if TE−n >> 1, where
TE is the Ehrenfest time (1.2).
We an reah times n ∼ TE(1 − ǫ) (with ǫ > 0 xed) by taking the parameters δ =
2−n−2 ≍ N−1+ǫ, γ ≍ 1, σ ≍ N1−ǫ: in that ase, the argument of the exponential in the
RHS of equation (5.26) satises πNθ ≍ N ǫ, so that RHS deays in the lassial limit.
We wish to obtain Egorov theorems where both terms orrespond to a quantisation with
the same parameter σ, or the Weyl quantisation. To do so, we will use proposition 5.5 to
replae the anti-Wik quantisations by the Weyl quantisation. Using the rst statement of
that proposition, we easily obtain the following Egorov theorem:
Theorem 5.12. Let n > 0 and for some δ ∈ (0, 2−n−1), γ ∈ (0, 1/2), let a ∈ C∞(T2) have
support in Dn,δ,γ. Then, in the limit N →∞, and for any squeezing parameter σ ∈ [4nN , N ],
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we have
(5.27) ‖BˆnN OpWN (a) Bˆ−nN −OpWN (a ◦B−n)‖ ≪ ‖a‖C0 N5/4 σ1/4 e−πNθ
+
1
N
(
max(σ, σ−1) ‖a‖C5 +max
(
σ
4n
,
4n
σ
)
‖a ◦B−n‖C5
)
.
The implied onstants are uniform in n, σ, δ, γ.
If n, δ, γ and the observable a supported on Dn,δ,γ are independent of N , the RHS semi-
lassially onverges to zero if we simply take σ = 1. This is the nite-time Egorov
theorem.
On the other hand, if we let n grow with N , the funtion a needs to hange with N as
well (at least beause its support needs to hange). In the next subsetion we onstrut a
spei family of funtions {an}n≥1, eah one supported away from Sn, and ompute the
estimate (5.27) for this family.
Remark 5.13. The same estimate holds if we replae n by −n on the LHS of (5.27), and
replae σ by σ−1 on the RHS, inluding the denition of θ. Now, the funtion a must be
supported in the set D−n,δ,γ obtained from Dn,δ,γ by exhanging the roles of q and p.
Indeed, using the unitarity of BˆN , we may interpret the estimate (4.9) as the quasi-
ovariant evolution of the oherent state ψy,σ′,T2 (where y = Bx, σ
′ = σ/4) into the state
ψB−1y,4σ′,T2, and the rest of the proof identially follows.
5.3. Egorov estimates for trunated observables.
5.3.1. A family of admissible funtions.
For future purposes (see the proof of theorem 1.1 in the next setion), and in order
to understand better the bound (5.27), we expliitly onstrut a sequene of funtions
{an}n≥0, eah funtion being supported away from Sn. This sequene is simply obtained
by taking the produts of a xed observable a ∈ C∞(T2) with uto funtions χδ,n, whih
we now desribe.
Denition 5.14. For some 0 < δ < 1/4, we onsider a Z-periodi funtion χ˜δ ∈ C∞(R)
whih vanishes for x ∈ [−δ, δ] mod Z and takes value 1 for x ∈ [2δ, 1− 2δ] mod Z.
For any n ≥ 0, we then dene the following uto funtions on T2:
χδ,n(x) := χ˜δ(2
n q) χ˜δ(p) ,
χδ,−n(x) := χ˜δ(2
n p) χ˜δ(q) .
For any n ∈ Z, we split the observable a ∈ C∞(T2) into its good part an(x) := a(x)χδ,n(x)
and its bad part abadn (x) = a(x) (1− χδ,n(x)).
One easily heks that an is supported on Dn,δ/2n,δ, while abadn is supported on a neigh-
bourhood of Sn of area O(δ).
In light of remark 5.13 we an, without loss of generality, onsider only times n > 0. For
any multiindex γ ∈ N20, we have
(5.28) ‖∂γan‖C0 ≪γ ‖a‖C|γ | 2nγ1 δ−|γ| .
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When evolving an through the map B, the derivatives grow along p and derease along q;
after n iterations, an ◦B−n is still smooth, and
(5.29) ‖∂γ(an ◦B−n)‖C0 ≪γ ‖a‖C|γ | 2nγ2 δ−|γ| .
These estimates show that the C5-norms of an and an ◦ B−n (appearing on the RHS of
equation (5.27)) are both of order 25n/δ5. With our onventions, the parameter θ appearing
in the RHS of (5.26) reads θ = δ
2
max(σ,4n/σ)
. We maximise it by seleting σ = 2n. With this
hoie, the upper bound (5.27) reads
(5.30) ‖BˆnN OpWN (an) Bˆ−nN −OpWN (an ◦B−n)‖ ≪ ‖a‖C0 N5/4 2n/4 e−πNδ
2/2n +
26n ‖a‖C5
N δ5
.
Using remark 5.13, the same estimate holds if we replae n by −n on the LHS.
The last term of the RHS in (5.30) an semilassially vanish only if |n| < TE
6
. This time
window, although not optimal (see the following subsetion), will be suient to prove
theorem 1.1 in setion 6.
Before that, in the last part of this setion we will sharpen this estimate by using the
seond part of proposition 5.5: this will allow us to prove a Egorov property up to times
|n| ≤ (1− ǫ)TE, for any ǫ > 0.
5.3.2. Optimised Egorov estimates.
In this subsetion we prove the following optimal Egorov theorem.
Theorem 5.15. Choose ǫ > 0 arbitrarily small, and onsider any observable a ∈ C∞(T2).
For any N ≥ 1 and n ∈ Z, onstrut the good part an of that observable using deni-
tion 5.14 with a width δ(N) ≥ min(N−ǫ/4, 1/10).
Then, the following Egorov estimate holds: there exists C > 0 (independent of a, ǫ) and
N(ǫ) > 0 suh that for any N ≥ N(ǫ) and any time |n| ≤ (1− ǫ)TE,
(5.31) ‖BˆnN OpWN (an) Bˆ−nN −OpWN (an ◦B−n)‖ ≤ C
(
‖a‖C0 N3/2 e−πNǫ/2 + ‖a‖C
4
N ǫ/2
)
.
Proof. We only treat the ase n ≥ 0, nally invoking the time-reversal symmetry as in
remark 5.13.
We onsider ǫ > 0 xed, and dene N(ǫ) through the equation N(ǫ)−ǫ/4 = 1/10. We
then take N ≥ N(ǫ) and onsider any positive time n ≤ (1− ǫ)TE.
The improvement over theorem 5.12 will be a sharper bound for the norms ‖OpAW,σN (an)−
OpWN (an)‖ and ‖OpAW,σ/4
n
N (an ◦ B−n) − OpWN (an ◦ B−n)‖. Using the resaled time t = nTE
and the property δ(N) ≥ N−ǫ/4, the bound (5.28) on derivatives of an reads:
‖∂γan‖C0 ≪γ ‖a‖C|γ | 2nγ1 N
ǫ
4
|γ| = ‖a‖C|γ | N tγ1 N
ǫ
4
|γ| .
Thus, the derivatives of an sale as those of an N-dependent funtion in the spae Sαt(T
2),
where αt := (t + ǫ/4, ǫ/4). As in the former subsetion, we must take σ = 2
n = N t
to minimise the remainder. The seond part of proposition 5.5 applied to a funtion in
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Sαt(T
2) yields a small parameter ~αt(N, 2
n) = N t+ǫ/2−1, so that the dierene between
the two quantisations of an is bounded as
‖OpWN (an)−OpAW,2
n
N (an)‖ ≪ ‖a‖C4 N t+ǫ/2−1 .
Similar onsiderations using (5.29) show that ‖OpWN (a ◦ B−n) − OpAW,2
−n
N (a ◦ B−n)‖ is
bounded by the same quantity. The argument of the exponential in equation (5.26) takes
the value Nθ = Nδ2/2n ≥ N1−t−ǫ/2, so that the full estimate reads:
‖BˆnN OpWN (an) Bˆ−nN −OpWN (an ◦B−n)‖ ≪ ‖a‖C0 N3/2 e−πN
1−t−ǫ/2
+
‖a‖C4
N1−t−ǫ/2
.
We obtain the bound (5.31) uniform in n by notiing that for the time window we onsider,
N1−t−ǫ/2 ≥ N ǫ/2. 
Our reason for believing that this estimate is optimal lies in remark 5.11: we evolve
states whih stay away from the disontinuity set S1 along their evolution. Sine any state
satises ∆q∆p & 1
2
~ due to Heisenberg's unertainty priniple, and ∆q doubles at eah
time step, it is impossible for suh a state to remain away from S1 during a time window
larger than TE.
Besides, at the time TE the good part an osillates on a sale ≈ ~ in the q diretion,
so it behaves more like a Fourier integral operator than an observable (pseudo-dierential
operator).
6. Quantum Ergodiity
For any even N , we denote by {ϕN,j} the eigenvetors of BˆN (if some eigenvalues happen
to be degenerate, whih seems to be ruled out by numerial simulations, take an arbitrary
orthonormal eigenbasis). Let us onsider a xed real-valued observable a ∈ C∞(T2) satis-
fying
∫
T2
a(x) dx = 0. Quantum ergodiity follows if we prove that the quantum variane
(6.1) S2(a,N) =
1
N
N∑
j=1
|〈ϕN,j,OpWN (a)ϕN,j〉|2 N→∞−−−→ 0.
One method to prove this limit for our quantised baker's map would be to apply the
methods of [MO'K℄: one only needs the Egorov property (theorem 5.12) for nite times n,
and the lassial ergodiity of B. However, this method seems unable to give information
about the rate of deay of the variane.
In order to prove the upper bound stated in theorem 1.1, we will rather adapt the method
used in [Zel2, Shu2℄ to our disontinuous map. This method requires the orrelation
funtions of the lassial map to deay suiently fast, whih is the ase here (equation 2.5).
Proof of Theorem 1.1.
To begin with, we onsider the funtion
(6.2) g(x) := 2
(
1− cosx
x2
)
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and its Fourier transform
gˆ(k) =
∫ ∞
−∞
g(x) e−2πikx dx =
{
2π(1− |k|), for −1 ≤ k ≤ 1,
0, elsewhere.
For any T ≥ 1, we use it to onstrut the following periodi funtion:
fT (θ) :=
∑
m∈Z
g(T (θ +m)).
fT admits the Fourier deomposition fT (θ) =
∑
k∈Z fˆT (k) e
2πikθ
, where
fˆT (k) =
{
2π
T
(
1− |k|
T
)
for −T ≤ k ≤ T ,
0 for |k| > T .
Using this funtion, one may easily prove the following lemma [Shu2℄.
Lemma 6.1. With notations desribed above, for any even N ≥ 2 and T ≥ 1 one has
S2(a,N) ≤
∑
n∈Z
fˆT (n)
1
N
Tr
(
OpWN (a) Bˆ
n
N Op
W
N (a) Bˆ
−n
N
)
.
Notie that the terms in the sum on the RHS vanish for |n| > T .
Proof. Let {ϕj} be the eigenbasis of BˆN , with BˆNϕj = e2πiθj ϕj. Then one has
Tr
(
OpWN (a) Bˆ
n
N Op
W
N (a) Bˆ
−n
N
)
=
N−1∑
j,k=0
e2πin(θk−θj) |〈OpWN (a)ϕj , ϕk〉|2 .
Multiplying by fˆT (n) and summing over n, we get,
∑
n∈Z
fˆT (n) Tr
(
OpWN (a) Bˆ
n
N Op
W
N (a) Bˆ
−n
N
)
=
N−1∑
j,k=0
fT (θk − θj) |〈OpWN (a)ϕj, ϕk〉|2
=
N−1∑
j=0
fT (0) |〈OpWN (a)ϕj , ϕj〉|2
+
∑
j 6=k
fT (θk − θj) |〈OpWN (a)ϕj, ϕk〉|2
≥ N S2(a,N) .
The nal inequality follows from the positivity of fT and the property fT (0) ≥ 1. 
To prove the theorem we will estimate the traes appearing in lemma 6.1. Due to the
support properties of fˆT , only the terms with n ∈ [−T, T ] will be needed. We take the
time T depending on N , preisely as
T = T (N) :=
TE
11
,
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where TE is the Ehrenfest time (1.2). For eah n ∈ Z ∩ [−T, T ], we will apply the Egorov
theorem 5.12. We rst deompose a into a good part an and bad part a
bad
n , as desribed
in denition 5.14:
(6.3) a = an + a
bad
n , an := a.χδ,n ,
We let the width δ > 0 depend on N as δ ≍ (logN)−1. Therefore, for any n ∈ [−T, T ] we
will have
2|n|
δ
≪ N1/10. As a result, the bounds (5.28) for the derivatives of an read:
(6.4) ∀n ∈ Z ∩ [−T, T ], ‖∂γan‖C0 ≪γ ‖a‖C|γ | N
|γ |
10 .
Furthermore, the same bounds are satised by the derivatives of abadn and an ◦B−n.
We deompose the traes of lemma 6.1 aording to the splitting (6.3):
Tr
(
OpWN (a) Bˆ
n
N Op
W
N (a) Bˆ
−n
N
)
= Tr
(
OpWN (a) Bˆ
n
N Op
W
N (an) Bˆ
−n
N
)
(6.5)
+ Tr
(
OpWN (a) Bˆ
n
N Op
W
N (a
bad
n ) Bˆ
−n
N
)
.
The seond term in the RHS will be ontrolled by replaing OpWN (a
bad
n ) by its anti-Wik
quantisation:
(6.6) Tr
(
OpWN (a) Bˆ
n
N Op
W
N (a
bad
n ) Bˆ
−n
N
)
= Tr
(
OpWN (a) Bˆ
n
N Op
AW,1
N (a
bad
n ) Bˆ
−n
N +RN (n)
)
.
The remainder RN(n) is dealt with using part I of proposition 5.5, together with the
bounds (6.4) applied to abadn :
‖RN(n)‖ ≤ ‖OpWN (a)‖ ‖OpWN (abadn )−OpAW,1N (abadn )‖
≪ ‖OpWN (a)‖
‖abadn ‖C5
N
≪ ‖OpWN (a)‖
‖a‖C5
N1/2
.(6.7)
In order to ompute Tr
(
OpWN (a) Bˆ
n
N Op
AW,1
N (a
bad
n ) Bˆ
−n
N
)
, we split the funtion abadn into
its positive and negative parts, abadn = a
bad
n,+ − abadn,−, where abadn,± ≥ 0. We then use the
following (standard) linear algebra lemma to estimate the trae:
Lemma 6.2. Let A, B be self-adjoint operators on HN , and assume B is positive. Then
(6.8) |Tr(AB)| ≤ ‖A‖Tr(B).
Sine the anti-Wik operator OpAW,1N (a
bad
n,+) is positive, this lemma yields:∣∣∣Tr(OpWN (a) BˆnN OpAW,1N (abadn,+) Bˆ−nN )∣∣∣ ≤ ‖OpWN (a)‖ Tr(OpAW,1N (abadn,+)) ,
and similarly by replaing abadn,+ by a
bad
n,−. By linearity and a
bad
n,+ + a
bad
n,− = |abadn |, we get∣∣∣Tr(OpWN (a) BˆnN OpAW,1N (abadn ) Bˆ−nN )∣∣∣ ≤ ‖OpWN (a)‖ Tr(OpAW,1N (|abadn |))
From equation (5.10), the trae on the RHS is equal to N · ‖abadn ‖L1(T2)
(
1 + O(e−πN/2)).
Sine abadn is supported on a neighbourhood of Sn of area O(δ), its L1 norm is of order
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O(δ ‖a‖C0). Using the Calderón-Vaillanourt estimate ‖OpWN (a)‖ ≤ C ‖a‖C2, we have thus
proven the following bound for the seond term in (6.5):
(6.9)
1
N
Tr
(
OpWN (a) Bˆ
n
N Op
W
N (a
bad
n ) Bˆ
−n
N
)
≪ ‖a‖C2
(
δ ‖a‖C0 + ‖a‖C5
N1/2
)
.
We now estimate the rst term in (6.5). We write
(6.10) Tr
(
OpWN (a) Bˆ
n
NOp
W
N (an)Bˆ
−n
N
)
= Tr
(
OpWN (a)Op
W
N (an ◦B−n) +R′N (n)
)
,
and ontrol the remainder R′N (n) with the Egorov estimate (5.30), remembering that
n ≤ TE/11:
‖R′N (n)‖ ≪ ‖OpWN (a)‖
(
‖a‖C0 N5/4 2n/4 e−πNδ2/2n + 2
6n ‖a‖C5
N δ5
)
≪ ‖a‖
2
C5
N2/5
.(6.11)
The following lemma (proved in [MO'K, lemma 3.1℄) will allow us to replae the quantum
produt by a lassial one.
Lemma 6.3. There exists C > 0 suh that, for any pair a, b ∈ C∞(T2),
(6.12) ∀N ≥ 1, ‖OpWN (a) OpWN (b)−OpWN (ab)‖ ≤ C
‖a‖C4 ‖b‖C4
N
.
Using this lemma and the bounds (6.4), we get
Tr
(
OpWN (a) Op
W
N (an ◦B−n)
)
= Tr
(
OpWN
(
a(an ◦B−n)
)
+R′′N (n)
)
,
with ‖R′′N (n)‖ ≪
‖an‖C4 ‖an ◦B−n‖C4
N
≪ ‖a‖
2
C4
N1/5
.(6.13)
To nally estimate the trae of OpWN
(
a(an ◦B−n)
)
, we use equation (5.9) together with the
estimates (6.4):
1
N
Tr
(
OpWN
(
a(an ◦B−n)
))
=
∫
T2
a(an ◦B−n)(x) dx+O
(‖a‖2C3
N2
)
.
It remains to ompute the integral on the RHS. We split it in two integrals, aording to
an = a− abadn . The seond integral an be bounded by
(6.14)
∣∣∣∣
∫
T2
a(x) abadn (B
−nx) dx
∣∣∣∣ ≤ ‖a‖C0 ‖abadn ‖L1 ≪ ‖a‖2C0 δ ,
while the rst one reads
(6.15)
∫
T2
a(x) a(B−nx) dx = Ka a(n) .
This integral is the lassial autoorrelation funtion for the observable a(x), a purely
lassial quantity. At this point we must use the dynamial properties of the lassial
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baker's map B, namely its fast mixing properties (see the end of setion 2): for some
Γ > 0, the autoorrelation deays (when n→∞) as
Ka a(n)≪ ‖a‖2C1 e−Γ |n| .
Colleting all terms and using the properties of the funtion fˆT , the lemma 6.1 nally
yields the following upper bound:
S2(a,N)≪ ‖a‖2C5
∑
n∈[−T,T ]
|fˆT (n)|
(
e−Γ |n| + δ +
1
N1/5
)
≪ ‖a‖2C5
( 1
T
+ δ
)
.
Sine we took T ≍ logN and δ ≍ (logN)−1, this onludes the proof of theorem 1.1. 
Proof of orollary 1.2. We start by piking an observable a ∈ C∞(T2), assuming∫
a(x)dx = 0. For any dereasing sequene α(N)
N→∞−−−→ 0, Chebyhev's inequality yields
an upper bound on the number of eigenvetors of BˆN for whih |〈ϕN,j,OpWN (a)ϕN,j〉| >
α(N):
#
{
j ∈ {1, . . . , N} : |〈ϕN,j,OpWN (a)ϕN,j〉| > α(N)
}
N
≤ S2(a,N)
α(N)2
.(6.16)
From the theorem 1.1, if we take α(N) >> (logN)−1/2, the above fration onverges to
zero. Dening JN(a) as the omplement of the set in the above numerator, we obtain a
sequene of subsets JN(a) ⊂ {1, . . . , N} satisfying #JN (a)N → 1, suh that the eigenstates
ϕN,jN with jN ∈ JN(a) satisfy (1.3).
Using a standard diagonal argument [CdV, HMR, Zel1℄, one an then extrat subsets
JN ⊂ {1, . . . , N} independent of the observable a ∈ C∞(T2), with #JNN → 1, suh that
(1.3) is satised for any a ∈ C∞(T2) if one takes jN ∈ JN . 
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